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Analysis of Uncertain Structural Systems
Using Interval Analysis
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The imprecision or uncertainty present in many engineering analysis/design problems can be modeled using
probabilistic, fuzzy, or interval methods. This work considers the modeling of uncertain structural systems using

interval analysis.By representing each uncertain inputparameteras an interval number, a static structural analysis
problem can be expressed in the form of a system of linear interval equations. In addition to the direct and Gaussian

elimination-based solution approaches, a combinatorial approach (based on an exhaustive combination of the
extreme values of the interval numbers) and an inequality-based method are presented for ® nding the solution of

interval equations. The range or interval of the solution vector (response parameters) is found to increase with
increasing size of the problem in all of the methods. An interval± truncation approach is proposed to limit the

growth of intervals of response parameters so that realistic and accurate solutions can be obtained in the presence
of large amounts of uncertainty. Numerical examples are presented to illustrate the computational aspects of the

methods and also to indicate the importance of the truncation approach in practical problems. The utility of
interval methods in predicting the extreme values of the response parameters of structures is discussed.

I. Introduction

A LL engineering design problems involve imprecision or ap-
proximationor uncertaintyto varyingdegrees.As an example,

consider a beam whose length may be stated in different ways as
follows: ª lies between 3.4 and 3.6 m,º or ª about 3.5 m,º or ª has a
mean value of 3.5 m and a standard deviation of 0.05 m, and fol-
lows normal distribution.º Depending on the nature of imprecision,
the analysis/design of the system can be conducted using interval
analysis,1 , 2 fuzzy theory,3 or a probabilistic approach.4 In interval
analysis, the uncertain parameter is denoted by a simple range. In
addition to the range, if a preferencefunction is used to describe the
desirability of using different values within the range, fuzzy theory
can be used. In fuzzy theory, the imprecision is interpreted as the
designer’s choice to use a particular value for the uncertain param-
eter. On the other hand, if the uncertain parameter is described as a
random variable following a speci® ed probability distribution, the
probabilistic approach can be used. It can be seen that when infor-
mation about an uncertain parameter in the form of a preference
or probability function is not available, the interval analysis can be
used most conveniently.

The following examples indicate typical situations in which an
uncertain parameter can be modeled as an interval number.

1) In design and manufacture, if a geometric parameter x is sub-
jected to tolerances as x § D x , then the parameter has to be treated
as an interval number as x = [x ¡ D x , x + D x].

2) In engineeringanalysis, certain parameters such as the magni-
tude of wind load ( P) may be known to vary over a range P1 to P2;
but the probability distribution of P may not be known. In such a
case, the load can be treated as an interval number as P = [P1, P2].

3) In the sensitivityanalysisof a system,we might be interestedin
® nding the in¯ uenceof changinga parameter over a speci® ed range,
x § D x . In such a case, the in¯ uence of changes in the independent
variable x on a dependent variable (response quantity) f can be
represented by an interval as f = [ f ¡ D f, f + D f ] where §D f
denotes the variations in f caused by the changes §D x in x .
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4) Many engineeringanalysesuse a Taylor-seriesapproximation.
The absolutevalueof the error involvedin usingonly a ® nitenumber
of terms in the Taylor series is always known so that the actualvalue
of the functionbeing representedbecomesan interval. For example,
if f (x) is expanded around x ¤ using the series

Äf (x) = Äf (x ¤ + D x) ¼ f (x ¤ ) + f 0 (x ¤ ) D x + f 0 0 (x ¤ )
( D x)2

2!

+ ¢ ¢ ¢ + f (k) (x ¤ )
( D x)k

k!
(1)

the error is given by

e = f (k + 1)( n )
( D x)k + 1

(k + 1)!
x ¤ < n < x ¤ + D x (2)

so that the actualvalue of f (x) lies in the interval f (x) = [ Äf (x) ¡ e,
Äf + e].
5) The performance characteristics of most engineering sys-

tems vary during their lifetimes because of aging, creep, wear, and
changes in operatingconditions.The design of such systems should
take care of the intervalsof deviationof variablesfrom their nominal
values.

Although the analysis/design problems are to be solved using
intervals for the design parameters, most traditional methods con-
sider only nominal values for simplicity and convenience.A fuzzy-
analysis-basedapproachwas presented by Rao and Sawyer5 for the
descriptionof systems containing information and features that are
vague, imprecise, qualitative, linguistic, or incomplete. In particu-
lar, a fuzzy ® nite element method was developed for predicting the
response of systems governedby linear systems of equations. In the
reliability analysis of structures using stress±strength interference
theory, an estimation of the failure probability of the structure is
based on a precise knowledge of the exact probability distributions
of the random parameters.6 Even then, the numerical computation
of the extreme values of the induced stress requires the modeling of
tail portionsof the probabilitydistributionsof the randomvariables,
which is very dif® cult in practice. It can be seen from the literature
that interval analysis methods were not used in engineering appli-
cations.

This paper presents methods that can be used for the analysis of
engineering systems for which the input parameters are given as
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interval numbers. Because most engineering systems can be ana-
lyzed using the ® nite element method, the problem considered in
this work can be stated as follows: Given a system of linear equa-
tions that describe the response of a discretized structural model in
the form

[A( p)]X = B( p) (3)

and

R = R(X) (4)

where [A] is the stiffness matrix of the system, p is the vector of
uncertain input parameters described as interval numbers as

p =

ìïïï
í
ïïïî

p1

p2

...
pm

üïïï
ý
ïïïþ

=

ìïïïï
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ïïïïþ

(5)

where a bar below (above) a symbol denotes a lower (upper) bound,
X is the nodaldisplacementvectorof the discretestructuralmodel, B
is the vector of nodal forces (which might depend on the uncertain
parameters), and R is the vector of response quantities, such as
element stresses and strains, which can be expressed in terms of
the nodal displacements, X, of the structure. Because R implicitly
depends on p, there will be a range for each component of R so that

R = [R
Å
, ÅR] = f (rÅ i , Åri ) g (6)

The problem is to ® nd the range of each response quantity (r
Å i , Åri )

due to the uncertainty present in the input parameters.
The solutionof linear interval equationsand the subsequentcom-

putationof the responseparameters,Eqs. (3) and (4), basedon direct
and Gaussian elimination-basedmethods is discussed in this work.
Alternative techniques that ® nd the bounds on the solution using a
combinatorialapproach and certain inequalitiesare proposed.It has
been observed that the widths (intervals)of the responseparameters
predictedbecome wider than the true widths with an increase in the
size of the problem.To avoid the unnecessarygrowth of the intervals
of the response parameters, a computationallyef® cient approxima-
tion procedure, termed the truncation method, is presented. The
computationalaspects and the results given by the various methods
are discussed with the help of numerical examples.

II. Statement of the Problem
Most linearstructuralanalysisproblemsare solvedusingthe ® nite

element method wherein the governingequationsare representedas
a system of algebraic equations:

[A]X = B (7)

where [A] = [ai j ], X = f xi g , and B = f bi g . If the systemparameters
are imprecise, the coef® cients ai j and the right-hand-sideconstants
bi in Eq. (7) are not sharply de® ned. In such a case, each of the
coef® cients and constants is represented by a closed interval as

ai j = [a
Å i j , Åai j ]; i, j = 1, 2, . . . , n (8)

bi = [b
Å i , Åbi ]; i = 1, 2, . . . , n (9)

Equation (7) also can be written as

([A
Å
], [ ÅA])X = (B

Å
, ÅB) (10)

The solution of Eq. (7) is understood to mean

X = {X0 j [A0]X0 = B0 ,[A0] 2 [A] = ([A
Å

], [ ÅA]), B0 2 B = (B
Å

, ÅB)} (11)

where all [A0] 2 [A] are assumed to be nonsingular.Equation (11)
denotes a set of solutions (solution domain) in X space such that
for every [A0] 2 [A] and every B0 2 B, there exists an X0 that
satis® es the relation [A0]X0 = B0. Note that the solution set, given
by Eq. (11), may be empty in some cases; that is, given some [A]
and B, there may not be an X that satis® es Eq. (7).

The solution set and its hull of Eq. (7) have been investigated by
several researchers.7, 8 For systemsgovernedby Eq. (7), two typesof
problemscan be identi® ed.9 In the ® rst type of problems,all possible
vectors B are sought for speci® ed interval matrix [A] and interval
vector X. This gives the range of B. In the second type of problems,
we seek to ® nd the interval vector X for speci® ed interval matrix
[A] and interval vector B. This gives the domain of solution X.

The objective of this work is to investigate the solution methods
for the second type of problem. The direct approach, the Gaussian
elimination technique, a combinatorial approach, a bounding tech-
nique (based on certain inequalities),and a truncation approach are
presented for the solution of Eq. (7). Although the direct method,
the Gaussian elimination approach, and the inequalities are well
established for crisp problems, their application to interval prob-
lems, particularly to those arising in engineering analyses, is new.
Furthermore, the truncation technique presented in this work rep-
resents a completely new contribution.The numerical results given
by the various methods are compared for typical structural analysis
problems. Although the numerical examples are very simple, the
interval analysis methods presented are expected to be applicable
to other types of engineeringproblems whose behavior is governed
by systems of linear equations.

III. Interval Analysis Using Direct and Gaussian
Elimination Techniques

For simple systems (where the number of equations is two or
three), the solution of Eq. (7) can be expressed in terms of the ele-
ments of the matrix [A] and the vector B. In such cases, the response
of the system(suchas elementstresses)alsocan be determinedusing
the interval arithmetic operations given in Appendix A. However,
the widths or intervals of the responses so computed will be larger
than the actual widths.

The solution of Eq. (7) also can be found using the Gaussian
elimination method. For this, let [D] be an interval matrix whose
elements contain ranges of the corresponding elements of [A] ¡ 1 in
Eq. (7). Then the product of [D] and the interval vector B gives the
vector X whose components represent an interval that contains the
possiblevalues of the correspondingcomponentsof the solutionsof
Eq. (7) when the elements of B are allowed to vary over the respec-
tive speci® ed ranges. When exact interval arithmetic is used in the
computations,we obtain an interval matrix, [A]¡ 1, whose elements
are wider than the correspondingranges of the exact inverse matrix.
The computations are shown for a sample problem in Appendix B.

There is another practical dif® culty associated with the imple-
mentation of the Gaussian elimination method for the solution of
interval equations. This is related to reducing the coef® cients of
off-diagonal variables to zero during pivot operations. The basic
arithmetic operations, related to interval numbers and interval ma-
trices, are summarized in Appendix A. Because the subtraction of
an intervalnumber from itself does not result in zero (for example, if
A = [a

Å
, Åa], then A ¡ A = [a

Å
, Åa] ¡ [a

Å
, Åa] = [a

Å ¡ Åa, Åa ¡ a
Å
] 6= [0, 0]),

the Gaussian elimination cannot be implemented accurately.

IV. Analytical Developments
A. Combinatorial Approach

If f (x1 , x2 , . . . , xn ) denotes an arbitrary (monotonic) functionof
the impreciseparametersx1, x2 , . . . , xn , the rangeof f can be deter-
mined by consideringall possible combinationsof the endpoints of
the imprecise parameters. For this, let the parameter xi be denoted
as an interval number as

xi = [x
(1)
i , x

(2)
i ] = [x

Å
i , Åxi ]; i = 1, 2, . . . , n (12)

Then all possible values of f can be determined as

fr = f (x (i)
1 , x ( j )

2 , . . . , x (k)
n

)

i = 1, 2; j = 1, 2; ¢ ¢ ¢ ; k = 1, 2; r = 1, 2, . . . , 2n (13)

where fr denotes the value of f for a particular combination of the
endpoints of the intervals of x1, x2, . . . , xn . The function f can be
represented as an interval number as

f = [ f
Å
, Åf ] = [ min

r = 1,2,..., 2n
( fr ), max

r = 1,2,..., 2n
( fr )] (14)
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Equations (3) and (4) are based on linear structural analysis and
hence Eq. (14) always gives the correct extreme values of the
response parameters such as nodal displacements and element
stresses.

B. Bounds on Solution Using Inequalities
Any system of interval equations of the form

[A]X = B (15)

with [A] = (([A]
Å

, [ ÅA])) and B = ((B
Å
, ÅB)) can be rewritten as

(([A0] ¡ [D A], [A0] + [D A]))X = ((B0 ¡ D B, B0
+ D B)) (16)

where

[A0] = 1
2
(([A

Å
] + [ ÅA])), [ D A] = 1

2
(([ ÅA] ¡ [A

Å
])) ¸ [0] (17)

B0 = 1
2
(B
Å

+ ÅB), D B = 1
2
( ÅB ¡ B

Å
) ¸ 0 (18)

It can be observed that 1) ¡ [ D A]j X j is always less than or equal to
both ¡ [D A]X and [ D A]X and 2) [D A] j X j is always greater than or
equal to both ¡ [D A]X and [D A]X, where

j X j =

ìïïï
í
ïïïî

j x1 j
j x2 j

...

j xn j

üïïï
ý
ïïïþ

The satisfaction of the following inequality is necessary and suf® -
cient for X to be a solution of Eq. (15) (Refs. 10 and 11):

[D A]j X j + D B ¸ j [A]X ¡ B j (19)

The inequality (19) is equivalent to

[A]X ¡ [D A] j X j · ÅB (20)

and

[A]X + [D A] j X j ¸ B
Å

(21)

All vectors X that satisfy the inequalities (20) and (21) constitute
the solution domain of Eq. (15). Equations (20) and (21) denote a
set of 2n inequalities, which can be expressed as

D aT
i j X j + D Bi ¸ aT

i X ¡ Bi ; i = 1, 2, . . . , n (22)

and

D aT
i j X j + D Bi ¸ ¡ (aT

i X ¡ Bi
) ; i = 1, 2, . . . , n (23)

or

l+i (X ) = aT
i X ¡ Bi ¡ D aT

i j X j ¡ D Bi ·0; i = 1, 2, . . . , n

(24)

and

l ¡i (X ) = aT
i X ¡ Bi + D aT

i j X j + D Bi ¸ 0; i = 1, 2, . . . , n

(25)

where Bi and D Bi denote the i th components of B and D B, respec-
tively, ai and D ai represent the i th rows of the matrices [A] and
[ D A], respectively,and the superscript T indicates the transpose. It
can be seen that the vector X is restricted to the convex polyhedron
bounded by the hyperplanes l+i = 0 and l ¡i = 0. Because there are
only n unknowns in the vector X, at any vertex of the polyhedron,
the equality sign holds only for n of the 2n conditions of Eqs. (24)
and (25). It can be observed that the hyperplanes l+i = 0 and l ¡i = 0
lie symmetrically with respect to the hyperplaneaT

i X ¡ Bi = 0. As
such, they cannot intersect in the orthant containing X0 where X0

satis® es the equations [A0]X0 = B0 (Ref. 10). This implies that

l+i = 0 and l ¡i > 0 (26)

or

l+i < 0 and l ¡i = 0 (27)

Thus the 2n vertices of the polyhedronare characterizedby the fact
that the equality sign holds only for one of the equations (24) and
(25).

If all of the admissible vectors X do not lie in the same orthant,
the solution of Eq. (15) is given by the union of convex polyhedra,
which may not be convex. To determine the vertices of the solution
set of Eq. (15), we need to ® nd the minimum/maximum values of
the various components x j of the solution. This can be achieved by
solving the following linear programming problems10:

minimize/maximize x j

subject to

l+i (X) ·0; i = 1, 2, . . . , n

¡ l ¡i (X) ·0; i = 1, 2, . . . , n
(28)

It can be seen that the problem of Eq. (28) with minimization (max-
imization) gives the lower (upper) bound on the interval of x j . Thus
the solution of 2n linear programming problems provides the solu-
tion of Eq. (15).

C. Interval Analysis with Truncation

From the de® nitions of interval arithmetic operations, given by
Eq. (A1), it can be seen that the evaluationof any rationalexpression
in interval arithmetic will lead to the exact range of values of the
real rational function de® ned by the expression if each variable
occurs only once in the expression.1 Because it is not possible to
rewrite complicated and/or implicit expressions in which a number
of interval variables appear several times, there is no simple way to
obtain the exact intervals of functions involved in most engineering
applications. Thus it can be expected that the width of the interval
of a function grows with the number of interval variables and the
number of arithmetic operations (or size of the problem) involved.

To limit the growth of intervals of response parameters for large
amounts of uncertainties, a truncation procedure is proposed. This
procedurecan be describedas follows.Let a = [a

Å
, Åa] and b = [b

Å
, Åb]

denote the input interval variables and c = [c
Å
, Åc] the result of an

interval arithmetic operation. If the central values of the variables
a0 = (a

Å
+ Åa)/ 2 and b0 = (b

Å
+ Åb)/ 2 are used, the corresponding

arithmetic operation on the central numbers leads to the result c0.
Let c0 be called the crisp (or central) result that can be obtained
when the variability is absent in the input variables. If c0 is close to
zero, no truncation is used. On the other hand, if c0 is not close to
zero, then the relative deviation ( D ) of the interval, Åc ¡ c

Å
, from the

central value is computed as

D = D 1 + D 2 (29)

where

D 1 =
ê
ê
ê
ê

c
Å ¡ c0

c0

ê
ê
ê
ê
, D 2 =

ê
ê
ê
ê

c
Å

0 ¡ Åc
c0

ê
ê
ê
ê

(30)

Because the deviation D is expected to be larger than the true devi-
ation, the maximum permissible relative width of c is speci® ed as
2t . The value of t can be speci® ed easily on the basis of the known
deviations of the input variables a and b. For example, the value of
t can be speci® ed to be equal to the maximum of the relative devi-
ations of the input parameters a and b from their respective central
values. The interval number c = [c

Å
, Åc] is truncated to obtain the

result c ¼ [d
Å
, Åd] as follows:

d
Å

= c
Å
, Åd = Åc if D ·2t (31)

(if both D 1 and D 2 are smaller than or equal to the permissible
deviation t, no truncation is used),

d
Å

= c0 + t (c
Å ¡ c0), Åd = c0 + t ( Åc ¡ c0) if D > 2t (32)

(if both D 1 and D 2 are larger than the permissible deviation t,
[(c ¡ c0)/c0] is truncated at ¡ t and +t),

d
Å

= c
Å
, Åd = c0 + t ( Åc ¡ c0) if D 1 · t and D 2 > t (33)
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D · 2t

D > 2t

D 1 · t and D 2 > t

D 1 > t and D 2 · t

Fig. 1 Truncation procedure.

(if D 1 is smaller than or equal to t and D 2 is larger than the permis-
sible value t, c is not truncatedon the left side of c0 but [(c ¡ c0)/ c0]
is truncated at t ),

Åd = Åc, d
Å

= c0 + t (c
Å ¡ c0) if D 1 > t and D 2 · t (34)

Note that if D 2 is smaller than or equal to t and D 1 is larger than
the permissible value t , c is not truncated on the right-hand side of
c0 but [(c ¡ c0)/c0] is truncated at ¡ t .

The signi® cance of Eqs. (31±34) is shown graphically in Fig. 1.
It has been observed that a value of t equal to the maximum relative
deviation (about the central value) of the input interval parameters
gives accurate intervalsof the response(output)parameters.In addi-
tion, it was found that the exact value of t is not very critical as long
as its value is equal to or somewhat larger than the largest relative
deviation present in the uncertain input parameters.

V. Numerical Examples
A. Example 1: Equations with Arbitrary Intervals

To illustrate the analysis methods presented, the following linear
interval equations are considered:

[ [3, 6] [ ¡ 3, 1.5]

[ ¡ 1.5, 3] [3, 6] ]{x1

x2} = {[¡ 4, 4]

[¡ 4, 4]} (35)

The solutions given by the various methods are described below.

1. Combinatorial Solution

As stated earlier, the combinatorial approach identi® es only
the extreme vertices of the solution domain. For the system of
Eqs. (35), the combinatorial approach gives the corner points
Ci (i = 1, 2, 3, 4) shown in Fig. 2. Thus the square region bounded
by the points Ci (i = 1, 2, 3, 4) de® nes the solution domain of the
system according to the combinatorial approach.

2. Inequality-Based Solution

Because the problem is simple with the number of equations
n = 2, the vertices of the solution domain can be determined by
solving the inequalities (26) and (27) using a trial-and-error pro-
cedure. The inequalities (20) and (21) corresponding to Eqs. (35)
de® ne the solution domain shown in Fig. 2 [can be identi® ed by
plotting Eqs. (20) and (21)].

Fig. 2 Solution domain of Eqs. (35).

Fig. 3 Convergence of solution domain of Eqs. (35).

3. Truncation Solution

To illustrate the truncation approach, Eqs. (35) are solved using
a direct method. The convergence of the solutions obtained with
different values of the truncationparameter t are shown in Fig. 3. It
can be seen that, as the value of t increases, the results converge to
those of the normal interval analysis (with no truncation).Note that
the widths of the coef® cients and constants involved in Eqs. (35),
relative to their respective middle values, are given by

a11, a22:
ê
ê
ê
ê

6 ¡ 3

4.5

ê
ê
ê
ê
= 0.6667, a12:

ê
ê
ê
ê

3 ¡ ( ¡ 1.5)

0.75

ê
ê
ê
ê
= 6.0

a21:
ê
ê
ê
ê

1.5 ¡ ( ¡ 3)

¡ 0.75

ê
ê
ê
ê
= 6.0, b1, b2:

ê
ê
ê
ê

4 ¡ ( ¡ 4)

0

ê
ê
ê
ê
= 1

(36)

It is found that, by setting the value of t approximately equal to the
maximum relative width encountered in the problem data (ignoring
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in® nity), we can obtain an accurate solution of the problem. In the
case of Eqs. (35), the maximum relative width is 6.0 (for a12 and
a21) and hence the use of t ¼ 6.0 gives a solution close to the
one predicted by the combinatorial approach. As can be seen from
Fig. 3, with larger values of t (including, theoretically, in® nity),
the truncation procedure gives results that converge to those of the
normal interval analysis (with no truncation).

B. Example 2: Stepped Bar

The stress analysis of a stepped bar under axial load, as shown
in Fig. 4, is considered and the results given by the various interval
analysis methods are described below.

1. Direct Solution

If A1 = [A
Å 1, ÅA1] and A2 = [A

Å 2, ÅA2] are the cross-sectional ar-
eas, E1 = [E

Å
1, ÅE1] and E2 = [E

Å
2, ÅE2] are the Young’s moduli, l1 =

[ l
Å 1 , Ål1] and l2 = [ l

Å 2 , Ål2] are the lengths of the two sections of the
bar, and p2 = [ p

Å 2
, Åp2] is the axial load applied at the end, the

equilibrium equations can be stated as

[K ]X = P (37)

where [K ] = [ki j ] is the 2 £ 2 stiffness matrix, X = f xi g is the
two-component displacement vector, and P = f pi g is the two-
component load vector. The maximum displacements (x1 and x2)
and the stresses ( r 1 and r 2) induced in the two sections of the bar
can be expressed, using a direct method, as

x1 =
p2k12

k2
12 ¡ k11k22

, x2 = ¡
k11x1

k12

(38)

r 1 =
x1 E1

l1

, r 2 =
(x2 ¡ x1)E2

l2

(39)

where

k11 = [ A
Å 1E

Å 1

Ål1
+

A
Å 2EÅ 2

Ål2

,
ÅA1

ÅE1

l
Å 1

+
ÅA2

ÅE2

l
Å 2

] (40)

k12 = k21 = [ ¡
ÅA2

ÅE2

l
Å
2

, ¡
A
Å 2EÅ 2

Ål2
] (41)

k22 = [ A
Å

2E
Å

2

Ål2

,
ÅA2

ÅE2

l
Å 2

] (42)

Numerical results are obtained with the following base data: A0
1 = 2

in.2, A0
2 = 1 in.2 , E0

1 = E0
2 = 30 £ 106 psi, l0

1 = 10 in., l0
2 =

5 in., p0
1 = 0, and p0

2 = 100 lb, where the superscript zero to a
symbol denotesa base value. The intervalparameter x , for example,
is taken as x = [x

Å
, Åx] with x

Å
= x0 ¡ D x , Åx = x0 + D x , and D x is

a certain percentage of x . The stresses induced in sections 1 and 2
when the intervalsof areasof cross section,Young’s moduli, lengths
of sections, and load are varied by different amounts are shown in
Figs. 5 and 6. Note that the bounds indicated in Figs. 5 and 6 de® ne
the intervals of the stresses as r i = [

Å
r i , År i ], where

Å
r i is the lower

bound and År i is the upperbound on the stress in section i (i = 1, 2).
The intervals of the parameters are selected as follows:

Ai = A0
i [(1 ¡ d ), (1 + d )] ; i = 1, 2 (43)

Ei = E0
i [(1 ¡ d ), (1 + d )] ; i = 1, 2 (44)

li = l0
i [(1 ¡ d ), (1 + d )] ; i = 1, 2 (45)

p1 = [0, 0] (46)

p2 = p0
2 [(1 ¡ d ), (1 + d )] (47)

where the value of d is varied between 0.0 and 0.01 in Figs. 5 and 6.

2. Combinatorial Solution

For the assumed base data (indicated in Sec. V.B.1) and with a
value of d = 0.01 in Eqs. (43±47), the combinatorial approach is
used to ® nd the bounds on r 1 and r 2 as (49.0099, 51.0101) and
(98.0198, 102.0202) psi, respectively.

Fig. 4 Stepped bar.

Fig. 5 Bounds on ¾1.

Fig. 6 Bounds on ¾2.
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3. Inequality-Based Solution

The inequalities (20) and (21) can be expressed (with [A] = [K ]
and B = P) as

[A]X ¡ [D] j X j · ÅB (48)

[A]X + [D] j X j ¸ B
Å

(49)

where

[A] = [ai j ], [D] = [di j ] = [D A], B
Å

= {b
Å

1

b
Å

2
} = { 0

p
Å 2

}
and

ÅB = {
Åb1

Åb2
} = { 0

Åp2}
The inequalities (48) and (49) can be rewritten as

a11x1 + a12x2 + d11 j x1 j + d12 j x2 j ¸ 0 (50)

a21x1 + a22x2 + d21 j x1 j + d22 j x2 j ¸ p
Å 2

(51)

a11x1 + a12x2 ¡ d11 j x1 j ¡ d12 j x2 j ·0 (52)

a21x1 + a22x2 ¡ d21 j x1 j ¡ d22 j x2 j · Åp2 (53)

By assumingboth x1 and x2 to be positive,theverticesof the solution
domain, given by the intersection points of the half-spaces de® ned
Eqs. (50±53), can be represented as

V1: ( x1 = c4x2 , x2 =
Åp2

c4c5 + c6 ) (54)

V2: ( x1 = c4x2 , x2 =
p
Å 2

c2c4 + c3 ) (55)

V3: ( x1 = c1x2 , x2 =
Åp2

c1c5 + c6 ) (56)

V4: ( x1 = c1x2 , x2 =
p
Å 2

c1c2 + c3 ) (57)

where

c1 = ¡ ( a12 + d12

a11 + d11
) , c2 = a21 + d21 , c3 = a22 + d22 (58)

c4 = ( a12 ¡ d12

a11 ¡ d11
) , c5 = a21 ¡ d21 , c6 = a22 ¡ d22 (59)

For the case when A0
1 = 2 in.2 , A0

2 = 1 in.2, E0
1 = E0

2 = 30 £ 106

psi, l0
1 = 10 in., l0

2 = 5 in., p0
1 = 0, p0

2 = 100 lb, and d = 0.01, the
matrices [A] and [D] are given by

[A] = [ 0.120048 £ 108 ¡ 0.600240 £ 107

¡ 0.600240 £ 107 0.600240 £ 107] (60)

[D] = [0.360048 £ 106 0.180024 £ 106

0.180024 £ 106 0.180024 £ 106] (61)

so that the inequalities (50±53) reduce to the form

11.6448x1 ¡ 6.1824x2 ·0 (62)

¡ 6.1824x1 + 5.8224x2 ·101 £ 10 ¡ 6 (63)

12.3648x1 ¡ 5.8224x2 ¸ 0 (64)

¡ 5.8224x1 + 6.1824x2 ¸ 99 £ 10¡ 6 (65)

The four vertices of the solution domain, corresponding to Eqs.
(62±65), are shown in Fig. 7. Once the displacement solution is
known, the stresses in the two sections of the bar can be computed
using interval arithmetic and the results are indicated in Fig. 7. The
minimum and maximum values of the stresses r 1 and r 2 given by

Fig. 7 Solution domain of Eqs. (62± 65).

the points V1 , V2 , V3 , and V4, for different values of d , are shown in
Figs. 5 and 6.

Note that both x1 and x2 were assumed positive in solving
Eqs. (50±53). In most practical problems, the proper signs of the
variables can be determined from the solution of the corresponding
crisp or base problem (a crisp problem is one in which the middle
values of the interval numbers are used so that the problem can be
stated as [A0]X = B0 with its solutionas X0). If one attempts to ® nd
the solution of Eqs. (50±53) using improper signs to the variables,
no solution can be found. If the solution of the correspondingcrisp
or base problem is not known to assign suitable signs to the vari-
ables, the linear programming approach indicated in Eq. (28) can
be used to identify the solution domain of the problem.

4. Growth of Intervals

To illustrate the (reason for the) growth of width of a computed
function, the displacementanalysis of the stepped bar is considered
by treating the area of section1 (A1) as the only uncertainparameter.
For this case, the displacements of nodes 1 and 2 are given by
Eq. (38). Using A1 = [ 5

3
, 2] in.2, and the base design data for all

of the other parameters as indicated earlier, we obtain k11 = [10 £
106, 12 £ 106], k12 = k21 = ¡ 6 £ 106 , k22 = 6 £ 106, and p2 = 100.
In this case, Eq. (38) gives the solution domain as

x1 = { 100

k11 ¡ 6 £ 106

ê
ê
ê
ê k11 2 [10 £ 106 ,12 £ 106 ]

} (66)

x2 = { k11

6 £ 104k11 ¡ 36 £ 1010

ê
ê
ê
ê k11 2 [10 £ 106 ,12 £ 106 ]

} (67)

Because the function

k11

6 £ 104k11 ¡ 36 £ 1010

monotonicallydecreases in the interval 10 £ 106 < k11 < 12 £ 106,
we obtain

x2 = [ 1

30,000
,

1

24,000] , x1 = [ 1

60,000
,

1

40,000] (68)
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If we evaluate the expression for x1 using interval arithmetic, we
obtain

x1 =
100

[10 £ 106, 12 £ 106] ¡ 6 £ 106 =
100

[4 £ 106 , 6 £ 106]

= [ 1

60,000
,

1

40,000] (69)

whichcanbe seen to be exactly the rangegivenin Eq. (68).However,
if we evaluate the expression for x2 using interval arithmetic, we
obtain

x2 =
[10 £ 106 , 12 £ 106]

(6 £ 104) ¢ [10 £ 106 , 12 £ 106] ¡ (36 £ 1010)

= [ 1

36,000
,

1

20,000] (70)

which contains the exact range of values of

k11

6 £ 104k11 ¡ 36 £ 1010

namely,

[ 1

30,000
,

1

24,000]
as it should.This shows that the intervalarithmetic results in a wider
interval than the exact range. The reason is that k11 appears twice
in the expression of x2 , thereby losing its unique contribution. To
verify the validity of this statement, we rewrite the solution of x2 as

x2 =
1

6 £ 104 ¡ [36 £ 1010/k11]
(71)

in which the uncertainparameterk11 appearsonly once.The interval
arithmetic operations on Eq. (71) lead to

x2 =
1

6 £ 104 ¡ (36 £ 1010) ¢ [1/ (10 £ 106 , 12 £ 106)]

= [ 1

30,000
,

1

24,000] (72)

which can be seen to be the exact interval given by Eq. (68).

5. Truncation Solution

The interval analysis, coupled with the truncation procedure, is
used to determine the bounds on the stresses in the two sections of
the bar by varying all of the variables ( Ai , Ei , li , and pi , i = 1, 2)
by §1% about the base point. The results obtained with different
values of the truncation parameter t are shown in Table 1. The
maximumand minimum valuesof r 1 and r 2 predictedby the normal
interval analysis (with no truncation) and combinatorial approach
also are given in Table 1 for comparison. As observed earlier, a
valueof t = 0.01 (maximum relativewidth of the intervalvariables)
can be seen to predict stresses that are close to those given by the
combinatorial approach (exact intervals).With increasingvalues of
t , the stresses converge to those predicted by the normal interval
analysis (with no truncation). It also can be observed that the value
of t used in the truncation approach is not very critical as long as
its value is equal to or greater than the maximum relative deviation
present in the input parameters. For example, in Table 1, any value
of t in the range 0.01±0.05 predicts the boundson r 1 and r 2 that are
reasonably close to those given by the combinatorial approach.

C. Example 3: Ten-Bar Truss

The interval analysis, based on truncation, is considered in ® nd-
ing the stresses in the various members of the 10-bar truss shown
in Fig. 8. The base design of the truss is taken to be the same as the
minimum weight design of the truss reported by Berke and Khot,12

and the corresponding data are given in Table 2. The bounds on

Table 1 Effect of truncation: stress analysis of the stepped bara

Method Bounds on r 1 Bounds on r 2

Interval analysis with
truncation

t = 0.01 (49.9954, 50.0261) (99.9908, 100.0530)
t = 0.02 (49.9757, 50.0441) (99.9247, 100.1847)
t = 0.05 (48.1693, 51.6406) (99.5588, 101.4009)
t = 0.1 (47.1693, 52.2209) (97.9647, 102.4009)
t = 0.2 (46.2245, 53.3580) (94.8954, 106.6573)
t = 0.3 (39.8405, 64.6134) (83.3032, 132.9776)
t = 0.4 (39.8405, 64.6134) (75.1058, 141.3383)
t = 0.5 (39.8405, 64.6134) (66.9085, 149.6991)
t = 0.6 (39.8405, 64.6134) (58.7111, 158.0599)
t = 0.7 (39.8405, 64.6134) (50.5138, 166.4207)
t = 0.8 (39.8405, 64.6134) (25.9217, 191.5030)
t = 0.9 (39.8405, 64.6134) (25.9217, 191.5030)
t = 1.0 (39.8405, 64.6134) (25.9217, 191.5030)
Interval analysis with (39.8405, 64.6134) (25.9217, 191.5030)

no truncation
Combinatorial (49.0099, 51.0101) (98.0198, 102.0202)

approach

aAll parameters varied by §1% about base design.

Table 2 Base design of 10-bar truss

Parameter Value

Cross-sectional areas of members, in.2 A1 = 7.9379
Ai = 0.1, i = 2, 5, 6, 10

A3 = 8.0621
A4 = 3.9379
A7 = 5.7447

Ai = 5.569, i = 8, 9

Young’s modulus of members, lb/in.2 Ei = 107, i = 1, 2, . . . , 10

Loads, lb pi = 0, i = 1, 2, 3, 5, 6, 7
pi = ¡ 100, i = 4, 8

Stresses in members, lb/in.2 r 1 = 24.9999
r 2 = 15.5328

r 3 = ¡ 25.0001
r 4 = ¡ 24.9998
r 5 = 0.0004
r 6 = 15.5328
r 7 = 25.0001

r 8 = ¡ 24.9999
r 9 = 24.9999

r 10 = ¡ 21.9668

Fig. 8 Ten-bar truss.

the member stresses are determined by varying all of the areas of
cross section by §1%, and the results are shown in Table 3. In
this case, the maximum width of the interval parameters relative to
their respective middle values is 0.01. As observed in the previous
cases, the truncation parameter t = 0.01 is expected to yield ac-
curate results comparable to those predicted by the combinatorial
approach. Table 3 shows the results given by the normal interval
analysis(with no truncation),combinatorialapproach,and the inter-
val analysis with a truncation of t = 0.01. As expected, the bounds
on the stressespredictedwith truncation(t = 0.01) are very close to
those given by the combinatorial approach. Results were obtained
by varying the truncationparameter from t = 0.05 to 5.0 (Table 4).
These results indicate that the selection of the value of t is not very
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Table 3 Effect of truncation: stress analysis of 10-bar trussa

Bounds on member stress

Interval analysis Interval analysis with
Member with no truncation Combinatorial analysis truncation (t = 0.01)

1 (18.7923, 76.3371) (24.7524, 25.2524) (24.5471, 25.4692)
2 ( ¡ 12.9334, 47.8606) (15.3791, 15.6898) (15.5247, 15.5440)
3 ( ¡ 30.9082, ¡ 20.1722) ( ¡ 25.2526, ¡ 24.7526) ( ¡ 25.0160, ¡ 24.9946)
4 ( ¡ 62.4723, 9.9812) ( ¡ 25.2523, ¡ 24.7523) ( ¡ 25.0247, ¡ 24.9961)
5 ( ¡ 33.7848, 26.5158) (0.0004, 0.0004) ( ¡ 0.0252, 0.0510)
6 ( ¡ 76.3371, 107.8070) (15.3790, 15.6898) (15.4885, 15.5481)
7 (18.7178, 31.7034) (24.7526, 25.2526) (24.9950, 25.0225)
8 ( ¡ 41.6681, ¡ 11.2979) ( ¡ 25.2525, ¡ 24.7524) ( ¡ 25.0110, ¡ 24.9909)
9 ( ¡ 28.0901, 79.3896) (24.7524, 25.2525) (24.9647, 25.0267)

10 ( ¡ 64.6737, 16.6929) ( ¡ 22.1887, ¡ 21.7493) ( ¡ 22.9830, ¡ 21.9532)

aAll member areas changed by §1%.

Table 4 Interval analysis with truncation: 10-bar trussa

Member t = 0.05 t = 0.1 t = 1.0 t = 5.0

1 (23.9647, 26.1281) (23.7144, 26.8478) (19.8708, 32.9088) (19.7537, 33.0749)
2 (15.4911, 15.6531) (15.5579, 16.0900) (0.0000, 34.3568) ( ¡ 8.0267, 42.4451)
3 ( ¡ 25.1152, ¡ 24.9825) ( ¡ 27.4036, ¡ 23.0721) ( ¡ 28.0178, ¡ 22.6486) ( ¡ 28.2994, ¡ 22.3981)
4 ( ¡ 25.1655, ¡ 24.9372) ( ¡ 25.6893, ¡ 24.6984) ( ¡ 51.9876, 0.0000) ( ¡ 54.2850, 2.2456)
5 ( ¡ 0.1307, 0.2249) ( ¡ 1.2217, 0.4084) ( ¡ 6.5735, 0.0000) ( ¡ 19.9724, 13.3149)
6 (15.2158, 15.7301) (15.1910, 15.6587) (0.0000, 31.5214) ( ¡ 62.2475, 93.7663)
7 (23.8040, 26.2700) (22.6592, 27.4025) (21.4080, 28.9116) (21.1390, 29.1893)
8 ( ¡ 26.1337, ¡ 23.8956) ( ¡ 25.5695, ¡ 24.8556) ( ¡ 38.8648, ¡ 13.6849) ( ¡ 39.1612, ¡ 13.4303)
9 (24.8961, 25.1457) (24.1199, 26.1126) (0.0000, 51.0626) ( ¡ 19.5445, 70.6318)

10 ( ¡ 22.1908, ¡ 21.8103) ( ¡ 23.2532, ¡ 21.3310) ( ¡ 47.4041, 0.0000) ( ¡ 56.4844, 9.0173)

aAreas changed by §1%.

Fig. 9 Variation of bounds on stress with truncation (elements 7 and
10).

critical in predicting reasonablyaccurate stresses.For example, any
value between t = 0.01 and 0.05 predicts the member stresses that
are close to those predicted by the combinatorial approach (exact
intervals). It also can be observed that the maximum and minimum
values of the stresses tend to converge to the corresponding val-
ues given by the normal interval analysis (with no truncation) as t
increases (see Tables 3 and 4). The convergence of the stresses in
members 7 and 10 is shown graphically in Fig. 9.

VI. Conclusions
1) The analysis of uncertain structural systems, where the pa-

rameters are described in terms of intervals, is considered. Several
methods,namely, thedirectmethod,Gaussianeliminationapproach,
a combinatorial approach, an inequality-basedmethod, and a trun-
cation approach, are presented.

2) It is found that the method based on inequalities is more accu-
rate than the direct method in identifying the solution domain.

3) The interval analysis proves to be a viable, economical, and
feasible alternative for ® nding the extreme values of structural re-
sponse (such as displacementsand stresses).Traditionally, the com-
binatorial approach is used for this purpose. However, this will
be a computationally tedious and expensive procedure. For exam-
ple, even for a simple problem such as the 10-bar truss consid-
ered in example 4, if the areas of cross section, Young’s moduli,
and lengths of individualmembers are varied independently(de® n-
ing a range for each parameter), the combinatorial approach re-
quires 230 analyses to ® nd the maximum and minimum values of
the stresses. On the other hand, once the computer code is devel-
oped, the intervalanalysisrequiresan equivalentof only two or three
analyses.

4) It is observed that the direct, the Gaussian elimination, and
the inequality-based approaches tend to overestimate the extreme
values of the response quantities, especiallywith increasing widths
(ranges) and number of the uncertain input parameters. However,
the procedure can predict the extreme values of responseaccurately
when the widths and numberof uncertainparameters are small. The
overestimation of the extreme values of the response quantities can
sometimes be useful for a conservativedesign.

5) When the widths or ranges of the uncertain parameters are
large, the truncation procedure can be used to obtain reasonable
estimates of the largest and smallest values of the response quan-
tity. It was found that a value of the truncation parameter t equal
to the maximum relative width of the interval numbers appear-
ing in the problem data gives reasonably accurate results (which
are comparable to the exact intervals given by the combinatorial
approach).

6) The interval analysis methods presented in this work are ex-
pected to be useful not only in predicting the extreme values of
response parameters, but also in optimization, fuzzy-logic-based
analysis, and probabilistic analysis of structures.
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Appendix A: Interval Arithmetic
The interval arithmetic operationson real numbers can be de® ned

as follows1, 2:

[a
Å
, Åa] ¤ [b

Å
, Åb] = f x ¤ y j a ·x · Åa,b ·y · Åb g (A1)

where ¤ denotes an arithmetic operation such as + , ¡ , £ (or ¢ )
or ¥ (or / ). The division operation [a

Å
, Åa]/ [b

Å
, Åb] is not de® ned if

0 2 [b
Å
, Åb]. More explicitly, Eq. (A1) can be expressed as

[a
Å
, Åa] + [b

Å
, Åb] = [a

Å
+ b

Å
, Åa + Åb] (A2)

[a
Å
, Åa] ¡ [b

Å
, Åb] = [a

Å ¡ Åb, Åa ¡ b
Å
] (A3)

[a
Å
, Åa] ¢ [b

Å
, Åb] = [min(a

Å
b
Å
, a

Å
Åb, Åab

Å
, Åa Åb), max(a

Å
b
Å
, a

Å
Åb, Åab

Å
, Åa Åb)]

(A4)

[a
Å
, Åa]/ [b

Å
, Åb] = [a

Å
, Åa] ¢ [1/ Åb, 1/b

Å
] if 0 62 [b

Å
, Åb] (A5)

Note that a real number a is denoted by a degenerate interval [a, a].
Equation (A1) indicates that interval addition and interval multipli-
cation are both associativeand commutative.Although the distribu-
tive law does not hold true always, the subdistributive law and the
inclusion monotonicity law hold true. The interval arithmetic oper-
ations can be extended to matrix computations.1, 2 For example, if
[A] = [ai j ] is a p £ q interval matrix and [B] = [bi j ] is a q £ r in-
terval matrix, where ai j = [a

Å i j , Åai j ] and bi j = [b
Å i j , Åbi j ] are interval

numbers, then the following are true:

[A][B] = [C] = [ci j ] (A6)

where

ci j =
q

Sk = 1

ai kbk j ; i = 1, 2, . . . , p; j = 1, 2, . . . , r

(A7)

{[A 0 ][B 0 ]j [A 0 ] 2 [A],[B 0 ] 2 [B]} µ {[C 0 ] j [C 0 ] 2 [A][B]}

where the equality, in general, does not hold true.

Appendix B: Sample Calculations
To illustrate the basic computations involved, the following in-

terval equations are considered:

[(2, 4) (4, 6)

(0, 2) (5, 7)] {x1

x2} = {(24, 28)

(23, 27)} (B1)

Noting that, for the crisp equations,

[A]X = B (B2)

or

[a11 a12

a21 a22] {x1

x2} = {b1

b2} (B3)

the inverse of [A] is given by

[A]¡ 1 =
1

a12 a21 ¡ a11 a22
[ ¡ a22 a12

a21 ¡ a11] (B4)

the solution vector can be determined as

X = [A]¡ 1B (B5)

For the interval coef® cient matrix of Eq. (B1), the inverse can be
found, using interval arithmetic operations of Eq. (B4), as

[A]¡ 1
int arith = [ ( ¡ 3.5, 0.25) ( ¡ 168.0, 12.0)

( ¡ 0.07143, 1.0) ( ¡ 8.0, 112.0) ] (B6)

When a combinatorial approach is used, Eq. (B4) gives

[A]¡ 1
combi = [( ¡ 2.5, 3.5) ( ¡ 3.0, 3.0)

( ¡ 1.0, 1.0) ( ¡ 1.0, 1.0)] (B7)

Thus the solution vector can be found as follows.
1) Using interval arithmetic [Eqs. (B6) and (B5)],

X = {( ¡ 4633.9995, 331.0)

( ¡ 218.0, 3051.9997)} (B8)

2) Using combinatorial approach [Eqs. (B7) and (B5)],

X = {( ¡ 5.25, 29.0)

( ¡ 5.0, 7.5) } (B9)

As expected, the ranges of componentsof X in Eq. (B8) can be seen
to be wider than those in Eq. (B9).
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